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Abstract
We investigate a relation of the contravariant geometry to the emergent gravity from non-
commutative gauge theories. We give a refined formulation of the contravariant gravity and
provide solutions to the contravariant Einstein equation. We linearize the equation around
background solutions, including curved ones. A noncommutative gauge theory on the Moyal
plane can be rewritten as an ordinary gauge theory on a curved background via the Seiberg-
Witten map, which is known as the emergent gravity. We show that this phenomenon also
occurs for a gauge theory on a noncommutative homogeneous Ka¨hler background. We argue
that the resulting geometry can be naturally described by the contravariant geometry under
an identification of the fluctuation of the Poisson tensor with the field strength obtained by
the Seiberg-Witten map. These results indicate that the contravariant gravity is a suitable
framework for noncommutative spacetime physics.
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1 Introduction
The theory of quantum gravity is a long standing problem. At present, string theory is one of the
promising approaches to this problem. In string theory, the string length ls can be considered
as a natural cut-off scale, which gives a minimal length in the low energy physics. This idea is
implemented by introducing an uncertainty in spacetime [1]. In analogy to quantum mechanics,
where the uncertainty on phase space implies noncommutativity of phase space coordinates, the
uncertainty of spacetime implies noncommutativity of spacetime coordinates.
In quantum mechanics, the noncommutativity of observables can be obtained by the quanti-
zation of the corresponding Poisson structure. Conversely, the Poisson structure can be derived
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from the quantum system by a semi-classical approximation. Analogously, the noncommuta-
tivity of spacetime would be obtained by the quantization of a certain Poisson structure. The
problem is that gravity on such a noncommutative spacetime is not well understood.
The contravariant gravity provides one approach to this problem. Since the contravariant
gravity contains both a metric and a Poisson tensor as dynamical variables, it can be considered
as a semiclassical approximation of gravitational physics on a noncommutative spacetime [2].
This theory is based on the contravariant connection [3–9] that is determined by compatibility of
the Riemann structure and the Poisson structure [10]. This kind of gravity theories has been also
discussed to understand the nongeometric background and the nongeometric fluxes which appear
after performing successive T-duality transformations in string theory and supergravity [10–15].
In the framework of double field theory, such gravity theories appear as well [16–18].
Gauge theories on a noncommutative spacetime, noncommutative gauge theories for short,
are better understood than gravity on a noncommutative spacetime. In string theory, the
noncommutative gauge theory with the Moyal star product appears as an effective theory on a
stack of D-branes on a constant NSNS B-field background [19]. In the paper [19], a notion of
the Seiberg-Witten map is formulated, which gives a relation between noncommutative gauge
theories and usual gauge theories.
Some noncommutative field theories appear as a certain continuum limit of the matrix theo-
ries which are expected as constructive definitions of string theory and quantum gravity [20,21].
Once the classical solution of the matrix theory is given, one can find the corresponding space-
time with a metric and some other geometric structures [22–24]. In terms of the matrix theory,
the star product is derived by the continuum limit of the matrix product, and the gauge field
can be identified with the fluctuation around the solution of the matrix theory. For instance,
the star product on the complex projective planes can be realized in the large matrix size limit
of the matrix product [25]. From the BFSS matrix model, the IKKT matrix model and their
variants, one can obtain the noncommutative gauge theory on the Moyal plane [26] and that on
the fuzzy tori [27] and the fuzzy sphere [28]. See also [29].
An interesting relation between gravity and noncommutative gauge theory on the Moyal
plane is pointed out in [30, 31]. A gauge theory on a noncommutative flat space can be re
written by a nonlinearly interacting gauge theory on a curved background via the Seiberg-Witten
map. The curved background obtained in this procedure is induced by the gauge field. The
background curvature becomes nonzero if the gauge field strength is nontrivial, even though the
original noncommutative space is flat. Since this can be interpreted that a geometric structure
emerges from gauge theories on noncommutative space, this phenomenon is called emergent
gravity or emergent geometry [30–35].
The main focus of this paper is to provide a geometric picture of the metric arising in the
emergent gravity. We argue that the contravariant geometry gives an appropriate geometric
framework to describe the emergent gravity. We find that the corresponding curvature has a
simple interpretation as the curvature in the contravariant gravity. This is also the case when
we start with a noncommutative gauge theory on a curved background. To be more specific, we
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consider a noncommutative gauge theory on a homogeneous Ka¨hler manifold by using an action
which is constructed in [36,37].
Paper is organized as follows. In section 2, we give a refined formulation of the contravariant
gravity which is based on the Poisson-Lie algebroid. We provide the equation of motion, a
corresponding action and gauge symmetry structure of the contravariant gravity. Examples of
solutions of the equation of motion are presented. We also consider the linearization of the
equation of motion. In this paper, the fluctuation of the Poisson tensor is introduced in addition
to the fluctuation of the metric. We give a general formula of the linear approximation of the
contravariant Riemann tensor around a general background.
In section 3, we discuss the relation between the emergent gravity and the contravariant
geometry. Following the argument by [30], we first review how to relate gravity with noncom-
mutative gauge theories. For the Moyal plane case, we find that the Ricci scalar obtained in
emergent gravity coincides with the contravariant Ricci scalar constructed by the flat metric
and a certain configuration of the Poisson tensor. The fluctuation of the Poisson tensor turns
out to be identified with that of the gauge field.
In section 4, we first apply the emergent gravity argument to a gauge theory on a noncom-
mutative homogeneous Ka¨hler manifold [36, 37]. We find that the resulting geometry does not
always allow a Ka¨hler structure. We present a condition on the gauge field for the emergent
metric to satisfy the Ka¨hler condition. In this case, we find that the contravariant geometry
works also as an appropriate framework, where we simply assume that the background Poisson
tensor is given by the symplectic structure of the background Ka¨hler manifold. The fluctua-
tion of the Poisson tensor of the contravariant gravity can be identified with the fluctuation of
the gauge field strength. Under this identification we find that the contravariant Ricci scalar
coincides with the ordinary Ricci scalar of the geometry obtained in the emergent gravity.
2 Contravariant gravity
In this section, we revisit the formulation of the contravariant gravity. Fundamental materials are
already given in [10] and also [2]. Here, we explain briefly the construction of the contravariant
gravity and its gauge symmetry. Let (M,G, π) be a Riemann-Poisson manifold, where M is a
smooth manifold, Gij is a metric and π = (1/2)πij∂i ∧ ∂j is a Poisson bi-vector. The equation
of motion of the contravariant gravity without matter fields is given by
R¯ij − 1
2
GijR¯ = 0, (2.1)
where R¯ is an analog of the Ricci scaler which will be given in (2.39). We call this equation the
contravariant Einstein equation. The corresponding action will turn out to be invariant under
the diffeomorphism with a gauge parameter Xi which is given by
δXG
ij =Xk∂kG
ij −Gil∂lXj −Gjl∂lXi, (2.2)
δXπ
ij =Xk∂kπ
ij − πil∂lXj + πjl∂lXi, (2.3)
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and also the β-diffeomorphism [14] with a gauge parameter ζi which is given by
δ¯ζG
ij =ζkπ
kl∂lG
ij + (πik∂kζl + ζk∂lπ
ik)Glj + (πjk∂kζl + ζk∂lπ
jk)Gil, (2.4)
δ¯ζπ
ij =0, (2.5)
where we require that the gauge transformation does not break the Poisson condition. In
the following subsections, after introducing the Poisson-Lie algebroid and the Poisson-Riemann
geometry, we formulate an action of the contravariant gravity theory and see its gauge invariance.
Finally, we provide solutions of the contravariant Einstein equation and discuss the linearized
contravariant gravity.
2.1 Poisson-Lie algebroid
We give a definition of the Poisson-Lie algebroid (T ∗M, [·, ·]π , ρ). Here the bracket [·, ·]π :
Γ(T ∗M)× Γ(T ∗M)→ Γ(T ∗M) is the Koszul bracket given by
[ξ, η]π =
(
ξkπ
kl∂lηi − (πlk∂kξi + ∂iπlkξk)ηl
)
dxi, (2.6)
for 1-forms ξ and η. A map ρ : Γ(T ∗M)→ Γ(TM) is the anchor map defined by
ρ(ξ) = ξiπ
ij∂j , (2.7)
where ξ is a 1-form4. The triple (T ∗M, [·, ·]π , ρ) is called the Poisson-Lie algebroid which satisfies
axioms of the Lie algebroid:
ρ([ξ, η]π) = [ρ(ξ), ρ(η)], (2.8)
[ξ, fη]π = [ξ, η]π + (ρ(ξ)f)η, (2.9)
where f is a function on M .
We give a geometrical understanding of the Poisson-Lie algebroid which will play an im-
portant role in the discussion on the invariance of the contravariant gravity. In usual differ-
ential geometry, a Lie bracket between vector fields X,Y can be written by a Lie derivative
[X,Y ] = LXY . We can also interpret the Koszul bracket as a Poisson-Lie derivative of 1-forms
[ξ, η]π =: L¯ξη which is extended for general tensors in the following way. First, the Schouten-
Nijenhuis bracket for an n-vector X = X1 ∧ · · · ∧ Xn and an m-vector Y = Y1 ∧ · · · ∧ Ym
is
[X ,Y]SN =
∑
i,j
(−1)i+j [Xi, Yj] ∧X1 ∧ · · · ∧Xi−1 ∧Xi+1 ∧ · · · ∧Xn
∧Y1 ∧ · · · ∧ Yj−1 ∧ Yj+1 ∧ · · · ∧ Ym, (2.10)
4Hereafter the set of sections of the cotangent bundle T ∗M shall be denoted by T ∗M for notational simplicity,
as far as there is no potential for confusing.
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where the bracket in the right hand side is the ordinary Lie bracket between the vector fields.
The Lichnerowicz differential dπ : ∧nTM → ∧n+1TM is defined by
dπV = [π, V ]SN, (2.11)
where V = (1/n!)V i1···in∂i1∧· · ·∧∂in is an element of ∧nTM . This derivative is nilpotent d2π = 0
if and only if the bi-vector π satisfies the Poisson condition, [π, π]SN = 0. An interior product
ι¯ξ : ∧nTM → ∧n−1TM is given by
ι¯ξV =
1
(n− 1)ξiV
ij1···jn−1∂j1 ∧ · · · ∧ ∂jn−1 , (2.12)
where ξ = ξidx
i is a 1-form. The Poisson-Lie derivative is defined for poly-vectors
L¯ξ = dπ ι¯ξ + ι¯ξdπ, (2.13)
for a function f
L¯ξf = πij∂jf∂i, (2.14)
which satisfies
[L¯ξ, L¯η] =L¯[ξ,η]pi , (2.15)
L¯ξ(fV ) =L¯ξf ∧ V + f L¯ξV, (2.16)
for any vector field V . For an 1-form the Poisson-Lie derivative is L¯ξη = [ξ, η]π, which is
consistent with (2.13) and (2.14). For the Poisson-Lie derivative for a poly-form α = α1∧· · ·∧αn
is defined by
L¯ξα =
n∑
i=1
(−1)i−1L¯ξαi ∧ α1 ∧ · · · ∧ αi−1 ∧ αi+1 ∧ · · · ∧ αn. (2.17)
A set of operations (dπ, L¯, ι¯) satisfies the Cartan algebra.
Finally, we comment on a “β-isometry” of a Poisson manifold (M,π) based on the Poisson-
Lie algebroid. The isometry is generated by the Poisson-Lie derivative for a 1-form ζ such
that
L¯ζ [ξ, η]π = [L¯ζξ, η]π + [ξ, L¯ξη]π, (2.18)
ρ(L¯ζξ) = L¯ζρ(ξ), (2.19)
for any η, ζ ∈ T ∗M . This conditions are equivalent with
L¯ζπij = 0. (2.20)
This isometry group is an subset of the β-diffeomorphism in the contravariant gravity, which we
will explain later.
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2.2 Poisson-Riemann geometry
In this subsection, we introduce a notion of the connection for the Poisson-Lie algebroid. We
can define geometric quantities for the connection: a Riemann curvature and a torsion tensor, as
usual geometry for a connection. This geometry is also studied in mathematical contexts [5–8].
An affine connection of the Poisson-Riemann geometry is a map ∇¯ : T ∗M × T ∗M → T ∗M
which satisfies the following axioms
∇¯ξ(η + ζ) = ∇¯ξη + ∇¯ξζ, (2.21)
∇¯ξ+ηζ = ∇¯ξζ + ∇¯ηζ, (2.22)
∇¯fξη = f∇¯ξη, (2.23)
∇¯ξ(fη) = (L¯ξf)η + f∇¯ξη, (2.24)
where ξ, η and ζ are 1-forms. The curvature and the torsion of the affine connection are defined
by
R¯(ξ, η)ζ = ∇¯ξ∇¯ηζ − ∇¯η∇¯ξζ − ∇¯[ξ,η]piζ, (2.25)
T¯ (ξ, η) = ∇¯ξη − ∇¯ηξ − [ξ, η]π. (2.26)
These quantities are covariant, since they satisfy
R¯(fξ, gη)hζ = fghR¯(f, g)ζ, (2.27)
T¯ (fξ, gη) = fgT¯ (ξ, η), (2.28)
for functions f, g and h on M .
In terms of a local coordinate {xi}, the connection is specified by coefficients
∇¯dxidxj = Γ¯ijk dxk, (2.29)
for 1-form basis {dxi}. Then, the curvature tensor and the torsion tensor can be expressed as
T¯ (dxi, dxj) = T¯ ijmdx
m = (Γ¯ijm − Γ¯jim − ∂mπij)dxm, (2.30)
R¯(dxi, dxj)dxk = R¯kijl dx
l = (πim∂mΓ¯
jk
l − πjm∂mΓ¯ikl − ∂nπijΓ¯nkl + Γ¯jkm Γ¯iml − Γ¯ikmΓ¯jml )dxl.
(2.31)
2.3 Contravariant gravity
In this subsection, we review formulation of the contravariant gravity. So far we have considered
the fixed Poisson tensor in the Poisson-Lie algebroid. From now on, we consider both the metric
and the Poisson tensor as variables of the physical theory.
We introduce a derivative by using the Poisson tensor:
{xi, ·}PB = πij(x)∂j , (2.32)
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and its covariantization of this derivative under diffeomorphism by using a connection Γ¯ in the
following way,
∇¯iV j = πik∂kV j − Γ¯ijk V k, (2.33)
where V i∂i is a vector field on the Poisson manifold. A commutation relation of this covariant
derivative is
[∇¯i, ∇¯j]V k = −T¯ ijm∇¯mV k + Jmij∂mV k − R¯kijm V m (2.34)
where T¯ and R¯ are given by (2.30), (2.31), and
Jmij =πmn∂nπij + πin∂nπjm + πjn∂nπmi. (2.35)
This tensor J ijk is zero by the Poisson condition. In the contravariant gravity, the torsionless
condition is imposed:
T¯ ijk = 0. (2.36)
which determines the antisymmetric part of the connection. We also impose a metric compati-
bility condition
∇¯kGij = 0. (2.37)
The unique connection in terms of the metric and the Poisson tensor is determined by solving
the torsionless condition and the metric compatibility condition:
Γ¯ijk =
1
2
Gmk
(
πil∂lG
jm + πjl∂lG
im − πml∂lGij +Glj∂lπmi +Gli∂lπmj +Glm∂lπij
)
. (2.38)
The Ricci tensor and the Ricci scalar for the curvature tensor (2.31) are defined by
R¯ij = R¯ikjk , R¯ = GijR¯
ij. (2.39)
The contravariant Einstein equation is
Gij = R¯ij − 1
2
GijR¯ = 0. (2.40)
Note that the tensor Gij satisfies Gij∇¯iGjk = 0 because of the Bianchi identities of the con-
travariant Riemann tensor.
To formulate the equation of motion by the action principle, we assume a symplectic case in
which the Poisson tensor is invertible. We can construct an Einstein-Hilbert type theory:∫
dnx
√
G−1eφR¯ (2.41)
where the integrand measure of this theory is determined by the divergence law:
eφ
√
G−1∇¯iξi = ∂j(eφ
√
G−1ξiπ
ij), (2.42)
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for any 1-form ξidx
i. This relation can be solved by
eφ =
1
detπ detG−1
. (2.43)
The action (2.41) gives the contravariant Einstein equation (2.40).
We can introduce a cosmological constant term to the Einstein-Hilbert type action.
Sc = 2Λ
∫
dneφ
√
G−1. (2.44)
The equation of motion with this cosmological constant term is
R¯ij − 1
2
GijR¯ = ΛGij . (2.45)
In the next section, we provide solutions of this equation of motion.
2.4 Gauge symmetry
The contravariant gravity, which is given by the Einstein-Hilbert type Lagrangian, is invariant
under both diffeomorphism and β-diffeomorphism.
In the contravariant gravity we consider the Poisson tensor as a dynamical variable, and thus
both the Poisson tensor and the metric are transformed as tensor under the diffeomorphism.
The Poisson-Lie derivative can also generate symmetry which is called β-diffeomorphism. The
gauge transformation of the β-diffeomorphism for the Poisson tensor and the metric is given by
δ¯ζG
ij :=L¯ζGij (2.46)
=ζkπ
kl∂lG
ij + (πik∂kζl + ζk∂lπ
ik)Glj + (πjk∂kζl + ζk∂lπ
jk)Gil, (2.47)
δ¯ζπ
ij :=0. (2.48)
We note that the Poisson tensor is not a tensor δ¯ζπ
ij 6= L¯ζπ under the β-diffeomorphism, because
once we change the Poisson tensor underlining geometry totally change.
We can also understand this gauge transformation rule from physical point of view. Here, let
us write the Poisson-Lie derivative as L¯πζ = L¯ζ to see the π dependence explicitly. If we assign
δ¯ζπ
ij = L¯πζ πij i.e. the Poisson tensor is a tensor under the β-diffeomorphism, a commutation
relation of the β-diffeomorphism transformation gives
[δ¯η , δ¯ζ ]G
ij =δ¯[η,ζ]piG
ij + Lδηπζ Gij − L
δζπ
η G
ij . (2.49)
In this case, the algebra of this gauge symmetry fails to close. Therefore, we should define
(2.48) to realize the β-diffeomorphism in a field theory, because a set of δ¯ and the fields is not
a representation of the Poisson-Lie derivative.
Next, we consider the diffeomorphism in the contravariant gravity. The diffeomorphism
transformation rules for a coordinate transformation xi → x′i are given by
G′ij(x′) =
∂x′i
∂xm
∂x′j
∂xn
Gmn(x), (2.50)
π′ij(x′) =
∂x′i
∂xm
∂x′j
∂xn
πmn(x). (2.51)
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For an infinitesimal diffeomorphism transformation x′i = xi +Xi, the transformation rules are
δXG
ij = Xk∂kG
ij −Gil∂lXj −Gjl∂lXi, (2.52)
δXπ
ij = Xk∂kπ
ij − πil∂lXj + πjl∂lXi. (2.53)
This gauge transformation is generated by the Lie derivative LX with the vector field X = Xi∂i.
We stress that the Poisson tensor should transform together with the metric to get the correct
transformation of the contravariant Levi-Civita connection:
(Γ¯′)
mn
l =
∂xk
∂x′l
∂x′m
∂xi
πij
∂2x′n
∂xj∂xk
+
∂x′m
∂xi
∂x′n
∂xj
∂xk
∂x′l
Γ¯ijk . (2.54)
This formula can also be obtained from the axioms of the affine connection (2.24): On another
local patch, say {x′i}, we have another set of basis of 1-forms {dx′i}. For this basis, we introduce
the coefficients Γ¯′ as
∇¯dx′idx′j ≡ (Γ¯′)ijk dx′k. (2.55)
On the intersection of the two local patches {xi} and {x′i}, we also have
∇¯dx′mdx′n = ∇¯ ∂x′m
∂xi
dxi
(
∂x′n
∂xj
dxj
)
=
∂x′m
∂xi
(
πij
∂2x′n
∂xj∂xk
+
∂x′n
∂xj
Γ¯ijk
)
dxk, (2.56)
by using (2.24) and (2.29). Then we can extract the behavior of the coefficients under coordinate
transformations (2.54).
Before closing this section, we mention a relation between the β-diffeomorphism δ¯ and the
diffeomorphism δ. Since from the 1-form ζ and the Poisson tensor π we can make a 1-vector
ι¯ζπ, we see that
δ¯ζG
ij − δι¯ζπGij = πik(dζ)klGlj + πjk(dζ)klGli, (2.57)
δ¯ζπ
ij − δι¯ζππij = πik(dζ)klπlj . (2.58)
The right hand side can be understood as a gauge transformation of a B-field in string theory
B → B + dζ after applying the open-closed relation with a strong B-field limit [14,19].
2.5 Solutions of equation of motion
We give some configurations which solve the equations of motion either with or without cosmolog-
ical constant (2.45). In this section we consider Ka¨hler manifolds, Cn, CPn, the Eguchi-Hanson
space, because these manifolds are implemented with a natural Poisson structure which is given
by the inverse of the Ka¨hler form. For a Ka¨hler potential φ, the metric and the Ka¨hler form are
given by
gµν¯ =
∂2φ
∂zµ∂z¯ν
, ω = igµν¯dz
µ ∧ dz¯ν , (2.59)
where µ, ν, ... and µ¯, ν¯, ... denote indices of complex coordinates. A canonical Poisson structure
π given by a matrix relation
πijωjk = δ
i
k. (2.60)
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Complex plane Cn The simplest example is obtained by setting both the metric and Poisson
tensor to be spatially constant. In terms of the Ka¨hler potential, the metric is specified by
φ(z1, z¯1, z2, z¯2, · · · , zn, z¯n) = 1
2
(|z1|2 + |z2|2 + · · ·+ |zn|2). (2.61)
For the metric, we can obtain the corresponding Ka¨hler form. The inverse of the Ka¨hler form
gives the Poisson structure on Cn. As one easily sees that the contravariant Levi-Civita con-
nection vanishes because it contains at least one derivative. Therefore, the curvature tensor,
Ricci tensor and the scalar curvature become trivial. Thus this configuration is a solution to
the equations of motion (2.1).
Complex Projective Space CPn A non-trivial solution is given by the complex projective
space CPn. We show explicit formulas for CP 1 and CP 2 and then we explain the generic n case.
As is well known, the metric of the complex projective space CP 1 is given by the Fubini-Study
metric
G =
2dz ⊗ dz¯
(|z|2 + 1)2 , (2.62)
and the symplectic form, i.e. the volume form for this case, is specified by
ω =
2idz ∧ dz¯
(|z|2 + 1)2 . (2.63)
In terms of Ka¨hler potential the geometry is specified by
φ(z, z¯) = log(1 + |z|2). (2.64)
For these metric and the Poisson tensor we obtain
R¯zzz¯z = 2(|z|2 + 1)2, (2.65)
R¯zz¯ = 2(|z|2 + 1)2, (2.66)
R¯ = 4. (2.67)
Then we see that the equation of motion without cosmological constant (2.1) is satisfied
R¯zz¯ − 1
2
Gzz¯R¯ = 2(|z|2 + 1)2 − 1
2
· (|z|2 + 1)2 · 4 = 0. (2.68)
It is also an example of the contravariant Ka¨hler-Einstein manifold:
R¯zz¯ = 2Gzz¯. (2.69)
For the two-dimensional complex projective space CP 2 the corresponding Ka¨hler potential
is
φ(z1, z¯1, z2, z¯2) = log(1 + |z1|2 + |z2|2). (2.70)
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The metric of the complex projective space CP 2 is given by
Gij =
1
(|z1|2 + |z2|2 + 1)2


0 |z2|2 + 1 0 −z¯1z2
|z2|2 + 1 0 −z1z¯2 0
0 −z1z¯2 0 |z1|2 + 1
−z¯1z2 0 |z1|2 + 1 0

 , (2.71)
where the matrix entry i = 1, 2, 3, 4 corresponds to z1, z¯1, z2, z¯2, respectively. And the Ka¨hler
form, a symplectic form associated with a Ka¨hler manifold, is
ωij =
i
(|z1|2 + |z2|2 + 1)2


0 |z2|2 + 1 0 −z¯1z2
−(|z2|2 + 1) 0 z1z¯2 0
0 −z1z¯2 0 |z1|2 + 1
z¯1z2 0 −(|z1|2 + 1) 0

 , (2.72)
and its corresponding canonical Poisson structure π is
πij = (|z1|2 + |z2|2 + 1)


0 i(|z1|2 + 1) 0 iz1z¯2
−i(|z1|2 + 1) 0 −iz¯1z2 0
0 iz¯1z2 0 i(|z2|2 + 1)
−iz1z¯2 0 −i(|z2|2 + 1) 0

 . (2.73)
Then after some computation, we see that it turns out to be an Einstein manifold:
R¯ij = 3Gij . (2.74)
Hence this configuration is a solution to the equation of motion (2.1) with a cosmological constant
Λ = −3.
Finally, we show that the complex projective space CPn is a solution of the contravariant
Einstein equation. The Ka¨hler potential of this space is given by
φ(z1, z¯1, z2, z¯2, · · · , zn, z¯n) = log
(
1 +
n∑
m=1
|zm|2
)
. (2.75)
We can easily show that
R¯ij = (n+ 1)Gij , (2.76)
and this space solve the contravariant Einstein equation with a cosmological constant Λ = 1−n2.
Eguchi-Hanson Space Another example is that known as Eguchi-Hanson space, which is
Ricci flat. This solution is originally considered in the context of gravitational instanton. Its
Ka¨hler potential is given by
φ(z1, z¯1, z2, z¯2) = log
(
ρ2e
√
ρ4+a4/a2
a2 +
√
ρ4 + a4
)
, (2.77)
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with a is a real constant and
ρ2 = |z1|2 + |z2|2. (2.78)
We do not put the explicit forms of the metric nor the Ka¨hler form here and omit to present
the detailed computational process, but we can actually show that its contravariant Ricci tensor
has trivial components
R¯ij = 0. (2.79)
2.6 Linearization
In this subsection, we consider fluctuations of the metric and the Poisson tensor around a
background configuration (Gij , πij), which solves the Einstein equation (2.45). We assume that
the fluctuation of the Poisson tensor dose not break the Poisson condition. In [9], the metric
fluctuation on the fixed Poisson background is discussed. It is important to introduce the Poisson
tensor fluctuation to discuss symmetry and its relation with the noncommutative gauge theory
in the next section.
The fluctuation of the metric and the Poisson tensor are
Gij + ǫhij , πij + ǫρij , (2.80)
where ǫ is an infinitesimal constant. We consider the first order approximation of the contravari-
ant Riemann curvature at first. The contravariant Levi-Civita connection can be approximated
by
Γ¯ijk (G
ij + ǫhij , πij + ǫρij) =Γ¯ijk (G
ij , πij)
− ǫρimΓjmk
+
ǫ
2
Gkm(∇¯ihjm + ∇¯jhim − ∇¯mhij)
+
ǫ
2
Gkm(G
in∇nρmj +Gjn∇nρmi +Gmn∇nρij) +O(ǫ2), (2.81)
where Γijk is an ordinary Levi-Civita connection which is given by G
−1 and ∇ is a covariant
derivative with the connection Γijk. Using this connection we obtain the linearized contravariant
Riemann tensor.
R¯kijl (G
ij + ǫhij , πij + ǫρij) =R¯kijl (G
ij , πij)
+
ǫ
2
Gln(∇¯i∇¯khjn − ∇¯i∇¯nhjk − ∇¯j∇¯khin + ∇¯j∇¯nhik)
− ǫ
2
Gln(R¯
kij
m h
mn + R¯nijm h
km)
+
ǫ
2
Gln(G
jm∇¯i∇mρnk +Gkm∇¯i∇mρnj +Gmn∇¯i∇mρjk)
− ǫ
2
Gln(G
im∇¯j∇mρnk +Gkm∇¯j∇mρni +Gmn∇¯j∇mρik)
− ǫρimπjnRklmn + ǫρjmπinRklmn
+ ǫρim∇mKjkl − ǫρjm∇mKikl − ǫ∇mρijKmkl +O(ǫ2), (2.82)
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where the contorsion tensor Kijk is defined by
Kijk =
1
2
Gkl(∇lπij −∇iπjl +∇jπli). (2.83)
In this formula, we used the Poisson condition for π+ ǫρ. See appendix A for detail calculations.
So far we have considered fluctuations around a general background. In the following part
of this section, we discuss fluctuation around a flat metric δij , Gij = δij + ǫhij , and a constant
Poisson background θij, πij = θij + ǫρij. Around the flat background, the contravariant Levi-
Civita is
Γ¯ijk (δ
ij + ǫhij , θij + ǫρij) =
1
2
ǫ(θil∂lh
j
k + θ
jl∂lh
i
k − θkl∂lhij + ∂jρki + ∂iρkj + ∂kρij) (2.84)
where indices are raised and lowered by δij not θij. Using (2.82), we get
R¯kijl (δ
ij + ǫhij , θij + ǫρij)
=
ǫ
2
(θknθim∂n∂mh
j
l − θlnθim∂n∂mhjk + θim∂k∂mρlj + θim∂j∂mρlk + θim∂l∂mρjk)
− ǫ
2
(θknθjm∂n∂mh
i
l − θlnθjm∂n∂mhik + θjm∂k∂mρli + θjm∂i∂mρlk + θjm∂l∂mρik) +O(ǫ2).
(2.85)
The contravariant Ricci tensor can be written by
R¯kj(δij + ǫhij, θij + ǫρij) =
ǫ
2
(θknθim∂n∂mh
j
i + θ
jnθim∂n∂mh
k
i − θinθim∂n∂mhjk − θknθjm∂n∂mhii)
+
ǫ
2
(θim∂k∂mρi
j + θim∂j∂mρi
k − θjm∂i∂mρik − θkm∂i∂mρij) +O(ǫ2).
(2.86)
Finally, the contravariant Ricci scalar is
R¯(δij + ǫhij , θij + ǫρij) =ǫ(θjnθim∂n∂mhij − θjnθjm∂n∂mhii + 2θim∂j∂mρij) +O(ǫ2), (2.87)
Introducing ∂˜i = θij∂j , the Ricci tensor and the Ricci scalar are
R¯kj(δij + ǫhij , θij + ǫρij) =
ǫ
2
(∂˜k∂˜ihj i + ∂˜
j ∂˜ihki − ∂˜i∂˜ihjk − ∂˜j ∂˜khii)
+
ǫ
2
(∂k∂˜iρi
j + ∂j ∂˜iρi
k − ∂i∂˜jρik − ∂i∂˜kρij) +O(ǫ2), (2.88)
R¯(δij + ǫhij , θij + ǫρij) =ǫ(∂˜i∂˜jhij − ∂˜j ∂˜jhii − 2∂i∂˜jρij) +O(ǫ2). (2.89)
Therefore, the contravariant Einstein equation is simplified in the following form
(∂˜k∂˜ih
ji + ∂˜j ∂˜ih
ki − ∂˜i∂˜ihjk − ∂˜j ∂˜khii)− δkj(∂˜i∂˜lhil − ∂˜l∂˜lhii)
+(∂k∂˜iρi
j + ∂j ∂˜iρi
k − ∂i∂˜jρik − ∂i∂˜kρij) + 2δkj∂i∂˜jρij = 0. (2.90)
As the usual linearized Einstein equation, we can find that
∂˜j((∂˜
k ∂˜ih
ji + ∂˜j ∂˜ih
ki − ∂˜i∂˜ihjk − ∂˜j ∂˜khii)− δkj(∂˜i∂˜lhil − ∂˜l∂˜lhii)) = 0. (2.91)
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This equation implies that the remaining part of the equation (2.90) should be divergenceless.
0 =∂˜j((∂
k∂˜iρi
j + ∂j ∂˜iρi
k − ∂i∂˜jρik − ∂i∂˜kρij) + 2δkj∂i∂˜jρij)
=∂˜j∂i(−∂˜jρik + ∂˜kρij). (2.92)
Since this relation is satisfied by a linearized version of the Poisson condition:
∂˜iρjk + ∂˜jρki + ∂˜kρij = 0 (2.93)
this provides us with a consistency check for the linearized contravariant Einstein equation (2.90)
with the fluctuation of the Poisson tensor ρ.
Before closing this section, we discuss a linearized version of the gauge symmetries of the
contravariant gravity. In terms of hij and ρij, the diffeomorphism transformations are
δXh
ij = −∂iXj − ∂jXi, (2.94)
δXρ
ij = −∂˜iXj + ∂˜jXi, (2.95)
on the other hand, the β-diffeomorphism transformations are
δ¯ζh
ij = ∂˜iζj + ∂˜jζ i, (2.96)
δ¯ζρ
ij = 0. (2.97)
It is interesting that the symmetry transformation (2.96) looks like a diffeomorphism of the
linearized Einstein equation (2.90), on the other hand (2.94) and (2.95) are diffeomorphism in
terms of original symmetry of the contravariant gravity theory.
We comment on the fluctuation of the Poisson tensor. In general, the deformation of the
Poisson structure is a very difficult problem comparing to the deformation of the symplectic
structure [3,38–40]. Here, our consideration is restricted on the linearization level. On the other
hand, in this paper we have not given any discussion on the causal structure of this theory.
Since the derivations in the contravariant geometry are contracted with the Poisson tensor, we
will have to reconsider the causal structure which is suitable for this geometry and even for the
noncommutative geometry [9].
3 Contravariant geometry and noncommutative gauge theory
on Moyal Plane
In this section, we discuss a relation between the contravariant geometry and the emergent
gravity from the noncommutative gauge theory on the Moyal Plane. First, we briefly review the
idea of the emergent gravity which is based on the relation between gravity and the noncom-
mutative U(1) gauge theory via the Seiberg-Witten map. Then, we show that the contravariant
geometry is an appropriate framework for describing the emergent gravity by constructing the
contravariant Ricci tensor for the resulting metric given in the emergent gravity scenario.
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3.1 Noncommutative gauge theory on Moyal plane
Let us consider a D-dimensional noncommutative space where the star product f ∗ g between
functions f, g is defined, and the star commutator is denoted as
[f, g]∗ = f ∗ g − g ∗ f. (3.1)
In terms of the local coordinate xi, the noncommutativity is characterized by
[xi, xj ]∗ = iθ
ij. (3.2)
Here, we assume that the antisymmetric tensor θij does not depend on xi. This relation is
realized by the Moyal star product
(f ∗ g)(x) =f(x) exp
(
i
2
←−
∂iθ
ij−→∂j
)
g(x). (3.3)
We consider the gauge theory on the Moyal plane. For the noncommutative gauge field Aˆi,
the gauge transformation with a gauge parameter λˆ is
δˆλˆAˆi = ∂iλˆ− i[Aˆi, λˆ]∗. (3.4)
The field strength for the gauge field is given by
Fˆij = ∂iAˆj − ∂jAˆi − i[Aˆi, Aˆj ]∗. (3.5)
This field strength is covariant under the gauge transformation δFˆij = −i[Fˆij , λˆ]∗. The gauge
invariant kinetic term of the U(1) gauge field is given by
SAˆ =
1
4
∫
dDxFˆij ∗ Fˆ ij, (3.6)
where indices are contracted by the flat metric δij .
3.2 Seiberg-Witten map and emergent metric
The Seiberg-Witten map tells us existence of a relation between the noncommutative gauge field
Aˆi and the ordinary gauge field Ai as [19]
Aˆ = Aˆ(A), λˆ = λˆ(λ,A). (3.7)
The Seiberg-Witten map is characterized by a condition
Aˆi(A) + δλˆAˆi(A) = Aˆi(A+ δλA). (3.8)
where δλAi = ∂iλ. The condition (3.8) can be solved order by order of the deformation parameter
θij. An explicit expression of the Seiberg-Witten map of the first order of θij is given by
Aˆi = Ai − 1
2
θklAk(∂lAi + Fli) +O(θ2), (3.9)
λˆ = λ− 1
2
θklAk∂lλ+O(θ2), (3.10)
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where Fij = ∂iAj − ∂jAi. By using (3.9), the noncommutative field strength can be calculated
as
Fˆij = Fij − θklFikFlj − θklAk∂lFij +O(θ2). (3.11)
For this field strength the kinetic term of the noncommutative gauge theory can be written by
SAˆ =
1
4
∫
dDx
(
FijF
ij + 2θklFl
m
(
Fm
iFik +
1
4
δkmF
ijFij
)
+O(θ2)
)
. (3.12)
It is known that this action of the noncommutative U(1) gauge theory (3.12) can be rewritten
as [30]
Sg,A =
1
4
∫
dDx
√
ggijgklFikFjl, (3.13)
with
gij = δij + uij , (3.14)
uij =
1
2
θikFk
j +
1
2
θjkFk
i +
κ0
4
δijθklFkl, (3.15)
where κ0 is a constant which depends on D. This action (3.13) is interpreted as a kinetic term
of the U(1) gauge theory on a curved background with a metric gij [30], see also [31–35]. We
consider the U(1) gauge field in this paper and we take5
κ0 = 0. (3.16)
The standard Ricci tensor and scalar of the resulting metric (3.15) are [30]
Rij(δij + uij) = −1
2
(∂2∂˜iAj + ∂
2∂˜jAi + ∂i∂˜j∂kA
k + ∂j ∂˜i∂kA
k)− ∂i∂j ∂˜kAk +O(θ2), (3.17)
R(δij + uij) = −2∂2∂˜kAk +O(θ2), (3.18)
where ∂˜i = θij∂j .
One can consider introducing other fields, for instance a scalar field. In 4-dimensional case,
when one adds the scalar field kinetic term to the action (3.12), it breaks invariance under the
local scaling of the flat metric. This scaling rule determines the nonzero value of κ0 as discussed
in [30]. The noncommutative gauge theories given by matrix models also allow gravitational
interpretation [32].
5In the literature [30] the constant κ0 is chosen as κ0 = 1 in D = 4. When we consider the D = 4 case,
there is an ambiguity of a choice of κ0 in (3.15). Since the U(1) gauge theory (3.12) is Weyl invariant under the
local scaling of the flat metric, κ0 in (3.15) of the resulting metric can be changed by the Weyl transformation
gij → e
φgij . And thus κ0 can be taken zero. Except for D = 4, we should choose κ0 = 0.
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3.3 Relation with contravariant geometry
In this section, we discuss relations with contravariant gravity and noncommutative gauge theory.
A role of the fluctuation of the Poisson tensor in the linearized contravariant Ricci tensor becomes
clear in the scenario of the emergent gravity.
In the linear approximation of the contravariant geometry, the Poisson condition is given by
(2.93). Thus, the linearized Poisson condition can be interpreted as the Bianchi identity of the
gauge theory. This suggests that the fluctuation ρ is identified with the gauge field Ai in the
following way
ρij = ∂˜iAj − ∂˜jAi. (3.19)
Here, we consider the metric as a background, we take the metric fluctuation in the contravariant
gravity as
hij = 0. (3.20)
By using the relation (3.19), the contravariant Ricci tensor is
R¯jk(δij , θij + ∂˜iAj − ∂˜jAi) =∂˜2∂jAk + ∂˜2∂kAj − ∂j ∂˜k∂˜iAi − ∂k∂˜j ∂˜iAi + 2∂˜j ∂˜k∂iAi. (3.21)
We can compare the result of the noncommutative gauge theory (3.17).
−R¯ij(δij , θij + ∂˜iAj − ∂˜jAi) = Rij(δij + θikFkj + θjkFki)|∂i↔∂˜i (3.22)
where the left hand side is calculated from the contravariant gravity, and the right hand side
is obtained by the noncommutative gauge theory. Since the metric fluctuation is treated as a
background, the nontrivial curvature can be recovered by the Poisson tensor. The equation (3.22)
shows that we can identify the fluctuation of the Poisson tensor ρ in the contravariant geometry
with the fluctuation of the emergent metric u by interchanging the role of derivative ∂ and ∂˜ in
this expression. As we will see in the Ka¨hler manifold case this identification is more natural. For
completeness we also discuss the relation between the contravariant gravity and the emergent
gravity obtained from the matrix model in Appendix C. Therefore, the contravariant geometry
is an appropriate geometric framework for the emergent gravity from the noncommutative gauge
theory.
4 Contravariant geometry and noncommutative gauge theory
on homogeneous Ka¨hler manifold
In this section, we argue the relation between the contravariant geometry and the emergent ge-
ometry which we obtained from the gauge theory on the noncommutative Ka¨hler manifold. First,
we review a construction of noncommutative gauge theories on a homogeneous Ka¨hler manifold.
Then, we derive an emergent metric starting from the noncommutative theory. We show that
the curvature of the contravariant geometry coincides with the one from the noncommutative
gauge theory.
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4.1 Noncommutative gauge theory on Ka¨hler manifold
Our geometrical setup is the following: Let Φ be a Ka¨hler potential of a homogeneous Ka¨hler
manifold (M, g), M≃ G/H. The metric g and the Ka¨hler form ω can be written by
gµν¯ =
∂2Φ
∂zµ∂z¯ν
, ω = igµν¯dz
µ ∧ dz¯ν . (4.1)
The index µ runs from 1 to N . We also use i = {µ, µ¯} which runs 1 to 2N . In this case the
Ka¨hler manifold has Killing vectors La = ζ ia∂i = ζµa ∂µ+ζ µ¯a ∂µ¯, a, b, ... = 1, ...dimG, which satisfies
[La,Lb] = if cabLc, (4.2)
where f cab is a structure constant of the isometry group of the Ka¨hler manifold. We also assume
these Killing vectors are (anti-)holomorphic ∂µζ
ν¯
a = ∂µ¯ζ
ν
a = 0. For any 1-form α = αµdz
µ +
αµ¯dz¯
µ, we define αa = ιLaα = ζ
i
aαi = ζ
µ
aαµ + ζ
µ¯
aαµ¯. The isometry group has a Killing form g
ab
which satisfies gabζµb ζ
ν¯
a = g
ν¯µ. Explicit examples are given in [36].
The noncommutative U(1) gauge theory on the homogeneous Ka¨hler manifold is constructed
in [37]. The kinetic term for the gauge field is given by6
S =
1
4
∫
dNzdN z¯
√
ggabgcdFˆac ∗ Fˆbd. (4.3)
where the field strength for the gauge field Aˆ is defined by
Fˆab = LaAˆb − LbAˆa − Aˆa ∗ Aˆb + Aˆb ∗ Aˆa − if cabAˆc. (4.4)
The leading order of noncommutative product ∗ for functions f and g is given by
f ∗ g =fg + ~gµ¯ν∂µ¯f∂νg +O(~2), (4.5)
where we use the noncommutative parameter ~ instead of θ. For this star product we can show
that
La(f ∗ g) = (Laf) ∗ g + f ∗ Lag, (4.6)
by using the Killing equation
LLagρσ¯ = ζµa ∂µgρσ¯ + ζ µ¯a ∂µ¯gρσ¯ − gµσ¯∂µζρa − gρµ¯∂µ¯ζ σ¯a = 0. (4.7)
The gauge transformation is given by
Aˆa → Aˆ′a = iU−1 ∗ LaU + U−1 ∗ Aˆa ∗ U. (4.8)
The field strength is covariant under the gauge transformation Fˆ ′ab = U
−1 ∗ Fˆab ∗ U . Under the
infinitesimal transformation U = 1− iλˆ, the gauge transformation is
δAˆa = Laλˆ− iAˆa ∗ λˆ+ iλˆ ∗ Aˆa. (4.9)
The action is invariant under this gauge transformation.
6The measure of the action is determined by the trace property which depends on a detail of the star product
on the background manifold.
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4.2 Seiberg-Witten map and emergent metric
In this section, we give formulas of the Seiberg-Witten map for the noncommutative U(1) gauge
theory on the Ka¨hler manifold. We rewrite the field strength and the gauge invariant kinetic term
of the noncommutative gauge theory in a commutative picture by using the Seiberg-Witten map.
The resulting action can be written by an ordinary gauge theory on a deformed background.
Finally, we discuss well-known ambiguity of the Seiberg-Witten map.
Here, we consider the formal power series of ~ for the gauge field Aˆa and the gauge parameter
λˆ.
Aˆa = Aa + ~A
(1)
a +O(~2), (4.10)
λˆ = λ+ ~λ(1) +O(~2). (4.11)
The first order of ~ of the equation (3.8) is
A(1)a (A+ dλ)−A(1)a (A) = Laλ(1) − igµ¯ν(∂µ¯Aa∂νλ− ∂µ¯λ∂νAa). (4.12)
A solution of this equation is given by
A(1)a =
i
2
gµ¯ν(Aµ¯(∂νAa + ζ
i
aFνi)− (∂µ¯Aa + ζ iaFµ¯i)Aν), (4.13)
λ(1) =
i
2
gµ¯ν(Aµ¯∂νλ− ∂µ¯λAν). (4.14)
To get this results we used holomorphy of the Killing vector and the Killing equations. The
equation (4.13) is manifestly covariant under the general coordinate transformation of the back-
ground manifold.
The field strength is expanded as follows:
Fˆab =LaAb − LbAa − if cabAc
+ ~(LaA(1)b −LbA(1)a − if cabA(1)c − igµ¯ν∂µ¯Aa∂νAb + igµ¯ν∂µ¯Ab∂νAa). (4.15)
The leading part of order ~0 is just the ordinary field strength contracted with the Killing vector.
LaAb − LbAa − if cabAc = ζ iaζjbFij =: Fab, (4.16)
where Fij = ∂iAj − ∂jAi. The part of order ~1 is
LaA(1)b − LbA(1)a − if cabA(1)c − igµ¯ν∂µ¯Aa∂νAb + igµ¯ν∂µ¯Ab∂νAa
= igµ¯νζ iaζ
j
b (FiνFµ¯j − FjνFµ¯i)− igµ¯ν(Aµ¯∂νFab − ∂µ¯FabAν). (4.17)
In the commutative picture, the kinetic term of the noncommutative U(1) gauge theory becomes
S =
1
4
∫
dNzdN z¯
√
g
(
FijF
ij − 2i~
(
Fµ¯νg
νρ¯Fρ¯σg
στ¯Fτ¯κg
κµ¯ + Fµ¯ν¯g
ν¯ρFρσg
στ¯Fτ¯κg
κµ¯ +
1
4
gµ¯νFµ¯νFijF
ij
))
,
(4.18)
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where higher corrections are omitted.
The action (4.18) can be written by
Sg,A =
1
4
∫
dNzdN z¯
√
g′g′ikg′jlFijFkl (4.19)
with
g′ij = gij + ~vij , (4.20)
vµν¯ = − i
2
Fµν¯ . (4.21)
The metric g′ is an Hermite metric because the tensor v is Hermite. For the Levi-Civita con-
nection of the resulting metric g′, the Ricci tensor is given by
R′µν¯ =Rµν¯ +
i~
2
∇ν¯(gρ¯σ∇σFµρ¯) + i~
4
∇ν¯(gρ¯σ∇ρ¯Fσµ)− i~
4
∇σ(gρ¯σ∇µFν¯ ρ¯), (4.22)
where Rµν¯ is the Ricci tensor with respect to the original metric g. The corresponding Ricci
scalar is
R′ = R+ i~∇µ¯∇νF µ¯ν + i~F µ¯νRνµ¯. (4.23)
We discuss deformation of geometric quantities such as the complex structure, the Ka¨hler
form and the Ka¨hler potential. The complex structure is not changed
J =
(
i1N 0
0 −i1N
)
. (4.24)
It can be understood by the fact that the star product is trivial if both functions are (anti-
)holomorphic
f(z) ∗ g(z) = f(z)g(z), f(z¯) ∗ g(z¯) = f(z¯)g(z¯). (4.25)
The corresponding Ka¨hler form of the metric g′ is given by
ω′ = ig′µν¯dz
µ ∧ dz¯ν = ω + ~
2
Fµν¯dz
µ ∧ dz¯ν , (4.26)
where ω = igµν¯dz
µ ∧ dz¯ν is the Ka¨hler form of the original metric g. Since the resulting Ka¨hler
form is not always closed, the manifold (M, g′) is not a Ka¨hler manifold in general. If the gauge
field configuration satisfies Fµν = Fµ¯ν¯ = 0, (M, g′) is a Ka¨hler manifold. In this case, we can
write Aµ = ∂µφ,Aµ¯ = ∂µ¯φ
∗, Fµν¯ = ∂µAν¯ − ∂ν¯Aµ = −∂µ∂ν¯(φ − φ∗) where φ is any functions
on the manifold M. For this configuration of the gauge field, the Riemann curvature and the
Ka¨hler potential for this configuration is given by
R′µν¯ =Rµν¯ +
i~
2
∂µ∂ν¯(g
ρ¯σFσρ¯), (4.27)
Φ′ =Φ+
i~
2
(φ− φ∗), (4.28)
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where Φ is a Ka¨hler potential for the metric gµν¯ .
Before closing this section, we note that there is well-known ambiguity of the Seiberg-Witten
map which is given by
A(1)a (A;α) =A
(1)
a (A) + αLa(gν¯µFµν¯), (4.29)
where α is an arbitrary constant and λ(1) is unchanged. We can easily show that Fˆab dose not
depend on α up to order ~. Therefore, if we consider only the gauge field, there is no ambiguity
for the gravity side.
4.3 Relation with contravariant geometry
We have already provided that some Ka¨hler manifolds are the solution of the contravariant
gravity as explicit examples in the section 2.5. We assume that the Poisson structure is given
by the inverse of the Ka¨hler form ω. Nonzero components of the Poisson tensor are
πµν¯ = iGµν¯ . (4.30)
On the Ka¨hler manifold the Hermite metric is covariantly constant with respect to the ordinary
Levi-Civita connection, and so is the Poisson tensor. Then, the contravariant derivative takes a
simple form of
∇¯i = πij∇j . (4.31)
In this case, the contravariant Ricci scalar is also simplified as
R¯(G,π) = πijπmnRjmni = R(G
−1), (4.32)
where the left hand side is the ordinary Ricci scalar made out of Gij .
We focus on the fluctuation of the Poisson tensor, and thus the metric fluctuation is taken
to be zero. The Poisson condition for πij + ǫρij can be solved generally by taking
ρij = πik∇kAj − πjk∇kAi, (4.33)
where Ai is an arbitrary vector field. Here, we take
Ai = πijAj, (4.34)
by using the U(1) vector field Ai. Since the Poisson tensor is covariantly constant, the fluctuation
of the Poisson tensor can be written by
ρij = πikπjl(∇kAl −∇lAk). (4.35)
For this fluctuation of the Poisson tensor the contravariant Ricci scalar can be written by
R¯(G,π + ǫρ) =R(G−1) + ǫ(2Gilπ
ij∇j∇kρlk + 2ρimπnjRjkmn) +O(ǫ2) (4.36)
=R(G−1) + 4ǫ
(
i∇µ¯∇νρµ¯ν + iρµ¯νRµ¯ν
)
+O(ǫ2) (4.37)
We can see that the contravariant Ricci scalar (4.37) is the same as the Ricci scalar which is
obtained by the noncommutative gauge theory on a homogeneous Ka¨hler manifold (4.23) with
identifying 4ǫ = ~, Gij = gij , ρ
µν = −Fµν and ρµ¯ν = F µ¯ν .
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5 Conclusion and outlook
In this paper, we discussed the emergent gravity from the gauge theories on the Moyal plane
and on noncommutative homogeneous Ka¨hler manifolds from the viewpoint of contravariant
gravity. First, we revisited a formulation of the contravariant gravity. The contravariant Einstein
equation and the corresponding action were presented and the gauge symmetry of the theory
was discussed. Then, we found some new solutions of the contravariant Einstein equation with
or without cosmological constant. The linearization around the general background was also
examined in detail. The fluctuations of both metric and Poisson tensor were taken into account.
We started with the discussion of a relation between the contravariant gravity and the
emergent gravity from a noncommutative U(1) gauge theory on the Moyal plane. We focused on
the fluctuation of the Poisson tensor in the absence of the metric fluctuation in the contravariant
gravity side. Since the Poisson condition in the contravariant geometry can be interpreted as
the Bianchi identity in the gauge theory, we could naturally identify the fluctuation of the
Poisson tensor ρij with the gauge field strength F ij . We found that the linearized contravariant
Ricci curvature coincides with the Ricci curvature of the emergent gravity via the first-order
Seiberg-Witten map.
We generalized the above discussion to the case of a gauge theory on a noncommutative
homogeneous Ka¨hler manifold. Since the contravariant geometry contains the metric indepen-
dently we could extend a discussion on the emergent gravity to that from the noncommutative
gauge theory on a curved background. An explicit expression of the first-order Seiberg-Witten
map was provided for the Ka¨hler manifold case. We found that the gauge theory on a noncom-
mutative Ka¨hler manifold can be written as an ordinary gauge theory on a background deformed
from the original Ka¨hler geometry. The corresponding metric obtained in this procedure turned
out to be not necessarily a Ka¨hler metric in general. We discussed the condition on the gauge
field configuration for the obtained geometry to admit a Ka¨hler structure. We argued that the
gauge field can be interpreted as the fluctuation of the Poisson tensor by comparing the curva-
tures on both sides. These results indicate that the contravariant gravity is a suitable framework
for noncommutative spacetime physics.
We want to comment on our point of view of dynamics of gravity. Our understanding of the
mechanism of the emergent gravity is that the gravity degrees of freedom emerge from the matrix
theory. In our case, we start from a field theory on the noncommutative geometry including
“gravity” as an original theory. We showed that the U(1) gauge theory on the noncommutative
Ka¨hler manifold corresponds to the ordinary U(1) gauge theory on the non-Ka¨hler background
in general, where we have used a mechanism similar to the emergent gravity. Our result supports
that semi-classical approximation of “gravity” on the noncommutative space is the contravariant
gravity. This is a different approach but closely related with the emergent gravity [30–35].
There are some interesting directions of this study. Higher order calculation for the Seiberg-
Witten map of the noncommutative gauge theory on the curved background is an important
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part of the emergent gravity. For the Moyal plane case, the full order explicit formula of the
Seiberg-Witten map is given in [41,42] by using BRST symmetry for the noncommutative U(1)
gauge theory, see also [43]. For the emergent gravity some higher order corrections for the metric
are discussed in [31,44]. We expect that this geometry can be naturally interpreted in terms of
the contravariant geometry.
There is an ambiguity in the Seiberg-Witten map due to the non-uniqueness of solutions to
the condition (3.8) [45]. This ambiguity in the Seiberg-Witten map changes the resulting metric
as discussed in [46]. It is interesting to see these results from the contravariant geometry point
of view. See [47] and references therein for more details of the Seiberg-Witten map.
In this paper, we focused on the ordinary Moyal star product and the star product on
Ka¨hler manifold which is discussed in [36, 37]. Another possibility is to consider the covariant
star product which is given by the symplectic connection on the Fedosov manifold [48]. An
interesting question is its relation to the emergent gravity.
It is also interesting to study the emergent gravity on the other curved backgrounds [49,
50]. Some configurations of curved geometry and the gauge theories on them appear from a
continuum limit of the matrix theory. For instance, the fuzzy four sphere is considered in [51–53].
In these discussions averaging the Poisson tensor plays a role in recovering spacetime symmetry,
which is discussed also in [54]. The higher spin degrees of freedom are also argued in matrix
theory, and so it would be an important problem to construct geometric frameworks to handle
those degrees of freedom.
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A Linearization of the contravariant Riemann tensor
We show detail calculations for the formula of the linearization of the contravariant Riemann
tensor (2.82). The linearized contravariant Levi-Civita connection is
Γ¯ijk (G
ij + ǫhij, θij + ǫρij) =Γ¯ijk + ǫΓ¯
′ij
k +O(ǫ2) (A.1)
=Γ¯ijk
− ǫρimΓjmk
+
ǫ
2
Gkm(∇¯ihjm + ∇¯him − ∇¯mhij)
+
ǫ
2
Gkm(G
in∇nρmj +Gjn∇nρmi +Gmn∇nρij) +O(ǫ2). (A.2)
For this connection, we get
R¯kijl (G
ij + ǫhij , θij + ǫρij)
= R¯kijl + ǫR¯
′kij
l +O(ǫ2)
= R¯kijl
+ ǫ(ρim∂mΓ¯
jk
l + θ
im∂mΓ¯
′jk
l − ρjm∂mΓ¯ikl − θjm∂mΓ¯′ikl
− ∂mρijΓ¯mkl − ∂mθijΓ¯′mkl
+ Γ¯′jkΓ¯iml + Γ¯
jk
m Γ¯
′im
l − Γ¯′ikΓ¯jml − Γ¯ikmΓ¯′jml ) +O(ǫ2). (A.3)
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First, we focus on parts of the Riemann tensor including hij .
R¯′kijl |ρ=0 =
1
2
θim∂m(Gln(∇¯jhkn + ∇¯khjn − ∇¯nhjk))− (i↔ j)
− 1
2
∂mθ
ijGln(∇¯mhkn + ∇¯khmn − ∇¯nhmk)
+
1
2
Gmn(∇¯jhkn + ∇¯khjn − ∇¯nhjk)Γ¯iml − (i↔ j)
+
1
2
Gln(∇¯ihmn + ∇¯mhin − ∇¯nhim)Γ¯jkm − (i↔ j)
=
1
2
θim∂mGln︸ ︷︷ ︸(∇¯jhkn + ∇¯khjn − ∇¯nhjk)− (i↔ j)
+
1
2
Gln(θ
im∂m∇¯jhkn + θim∂m∇¯khjn − θim∂m∇¯nhjk)− (i↔ j)
− 1
2
∂mθ
ijGln(∇¯mhkn + ∇¯khmn − ∇¯nhmk)
+
1
2
GmnΓ¯
im
l︸ ︷︷ ︸(∇¯jhkn + ∇¯khjn − ∇¯nhjk)− (i↔ j)
+
1
2
Gln(∇¯ihmn + ∇¯mhin − ∇¯nhim)Γ¯jkm − (i↔ j)
=
1
2
Gln(θ
im∂m∇¯jhkn + θim∂m∇¯khjn − θim∂m∇¯nhjk)− (i↔ j)
− 1
2
∂mθ
ijGln(∇¯mhkn + ∇¯khmn − ∇¯nhmk)
− 1
2
GlmΓ¯
im
n (∇¯jhkn + ∇¯khjn − ∇¯nhjk)− (i↔ j)
+
1
2
Gln(∇¯ihmn + ∇¯mhin − ∇¯nhim)Γ¯jkm − (i↔ j)
=
1
2
Gln(∇¯i∇¯jhkn + ∇¯i∇¯khjn − ∇¯i∇¯nhjk)− (i↔ j)
=
1
2
Gln(∇¯i∇¯khjn − ∇¯i∇¯nhjk)− (i↔ j)
− 1
2
Gln(R¯
kij
m h
mn + R¯nijm h
km), (A.4)
where in the third equality we used
θim∂mGln +GnmΓ¯
im
l = −GlmΓ¯imn . (A.5)
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Next, we consider the fluctuation of the Poisson tensor.
R¯′kijl |h=0 =ρim∂mΓ¯jkl − ρjm∂mΓ¯ikl
+ θim∂m
(
−ρjnΓknl +
1
2
Gln(G
jp∇pρnk +Gkp∇pρnj +Gnp∇pρjk)
)
− θjm∂m
(
−ρinΓknl +
1
2
Gln(G
ip∇pρnk +Gkp∇pρni +Gnp∇pρik)
)
− ∂mρijΓ¯mkl
− ∂mθij
(
−ρmnΓknl +
1
2
Gln(G
mp∇pρnk +Gkp∇pρnm +Gnp∇pρmk)
)
+
(
−ρjnΓknm +
1
2
Gmn(G
jp∇pρnk +Gkp∇pρnj +Gnp∇pρjk)
)
Γ¯iml
−
(
−ρinΓknm +
1
2
Gmn(G
ip∇pρnk +Gkp∇pρni +Gnp∇pρik)
)
Γ¯jml
+ Γ¯jkm
(
−ρinΓmnl +
1
2
Gln(G
ip∇pρnm +Gmp∇pρni +Gnp∇pρim)
)
− Γ¯ikm
(
−ρjnΓmnl +
1
2
Gln(G
jp∇pρnm +Gmp∇pρnj +Gnp∇pρjm)
)
(A.6)
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=ρim∂mΓ¯
jk
l − ρjm∂mΓ¯ikl
− θim∂mρjnΓknl − ρjnθim∂mΓknl
+
1
2
θim∂mGln(G
jp∇pρnk︸ ︷︷ ︸
(5)
+Gkp∇pρnj︸ ︷︷ ︸
(4)
)
+
1
2
Gln(θ
im∂mG
jp∇pρnk + θim∂mGkp∇pρnj︸ ︷︷ ︸
(4)
)
+
1
2
Gln(G
jpθim∂m∇pρnk +Gkpθim∂m∇pρnj +Gnpθim∂m∇pρjk)︸ ︷︷ ︸
(0)
+ θjm∂mρ
inΓknl + ρ
inθjm∂mΓ
k
nl
− 1
2
θjm∂mGln(G
ip∇pρnk︸ ︷︷ ︸
(5′)
+Gkp∇pρni︸ ︷︷ ︸
(4′)
)
− 1
2
Gln(θ
jm∂mG
ip∇pρnk + θjm∂mGkp∇pρni︸ ︷︷ ︸
(4′)
)
− 1
2
Gln(G
ipθjm∂m∇pρnk +Gkpθjm∂m∇pρni +Gnpθjm∂m∇pρik)︸ ︷︷ ︸
(0′)
− ∂mρijΓ¯mkl
+ ∂mθ
ijρmnΓknl
− 1
2
∂mθ
ijGlnG
mp∇pρnk − 1
2
∂mθ
ijGlnG
kp∇pρnm︸ ︷︷ ︸
(2)
− 1
2
∂mθ
ij∇lρmk︸ ︷︷ ︸
(2)
− ρjnΓknmΓ¯iml
+
1
2
Gmn(G
jp∇pρnk︸ ︷︷ ︸
(5)
+Gkp∇pρnj︸ ︷︷ ︸
(4)
+Gnp∇pρjk︸ ︷︷ ︸
(3)
)Γ¯iml
+ ρinΓknmΓ¯
jm
l
− 1
2
Gmn(G
ip∇pρnk︸ ︷︷ ︸
(5′)
+Gkp∇pρni︸ ︷︷ ︸
(4′)
+Gnp∇pρik︸ ︷︷ ︸
(3′)
)Γ¯jml
− ρinΓmnlΓ¯jkm
+
1
2
Gln(G
ip∇pρnm︸ ︷︷ ︸
(1′)
+Gmp∇pρni︸ ︷︷ ︸
(4′)
+Gnp∇pρim︸ ︷︷ ︸
(1′)
)Γ¯jkm
+ ρjnΓmnlΓ¯
ik
m
− 1
2
Gln(G
jp∇pρnm︸ ︷︷ ︸
(1)
+Gmp∇pρnj︸ ︷︷ ︸
(4)
+Gnp∇pρjm︸ ︷︷ ︸
(1)
)Γ¯ikm (A.7)
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On the other hand,
Gjp∇¯i∇pρnk +Gkp∇¯pρnj +Gnp∇¯i∇pρjk − (i↔ j)
=Gjpθim∂m∇pρnk +Gkpθim∂m∇pρnj +Gnpθim∂m∇pρjk︸ ︷︷ ︸
(0)
+(0′)
− (Gjp∇pρnm +Gnp∇pρjm)Γ¯ikm︸ ︷︷ ︸
(1)
+(1′)
− (Gnp∇pρmk +Gkp∇pρnm)Γ¯ijm︸ ︷︷ ︸
(2)
+(2′)
−GjpΓ¯inm∇pρmk︸ ︷︷ ︸
(5)
+(5′)
+GnpΓ¯imp ∇mρjk︸ ︷︷ ︸
(3)
+(3′)
+GkpΓ¯im∇mρnj −GkpΓ¯inm∇pρmj −GkpΓ¯jm∇mρni +GkpΓ¯jnm∇pρmi︸ ︷︷ ︸
(4)+(4′)
+GjpΓ¯imp ∇mρnk −GipΓ¯jmp ∇mρnk. (A.8)
We need short calculation for checking (4) and the double underline part. By summarizing these
equation we obtain
R¯′kijl |h=0 =
1
2
Gln(G
jp∇¯i∇pρnk +Gkp∇¯pρnj +Gnp∇¯i∇pρjk)− (i↔ j)
+ ρim∂mΓ¯
jk
l︸ ︷︷ ︸
(A)
− ρjm∂mΓ¯ikl︸ ︷︷ ︸
(B)
− θim∂mρjnΓknl − ρjnθim∂mΓknl︸ ︷︷ ︸
(B)
+ θjm∂mρ
inΓknl + ρ
inθjm∂mΓ
k
nl︸ ︷︷ ︸
(A)
− ∂mρijΓ¯mkl (C) + ∂mθ
ijρmnΓknl
− ρjnΓknmΓ¯iml︸ ︷︷ ︸
(B)
+ ρinΓknmΓ¯
jm
l︸ ︷︷ ︸
(A)
− ρinΓmnlΓ¯jkm︸ ︷︷ ︸
(A)
+ ρjnΓmnlΓ¯
ik
m︸ ︷︷ ︸
(B)
. (A.9)
Here, each parts with underbraces are
(A) =ρimθpjRklmp + ρ
im∇mKjkl + ρim∂mθnjΓknl − ΓjmnKnkl ρim, (A.10)
(B) = −(exchange i↔ j in (A)), (A.11)
(C) = θnm∂mρ
ijΓknl + ∂mρ
ijKmkl . (A.12)
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Finally, we obtain
R¯′kijl |h=0 =
ǫ
2
Gln(G
jm∇¯i∇mρnk +Gkm∇¯i∇mρnj +Gmn∇¯i∇mρjk)
− ǫ
2
Gln(G
im∇¯j∇mρnk +Gkm∇¯j∇mρni +Gmn∇¯j∇mρik)
− ǫρimθjnRklmn + ǫρjmθinRklmn
+ ǫρim∇mKjkl − ǫρjm∇mKikl − ǫ∇mρijKmkl
− (ρim∂mθjn + ρjm∂mθni + ρnm∂mθij + θim∂mρjn + θjm∂mρni + θnm∂mρij)Γknl.
(A.13)
The last line (A.13) vanishes if the Poisson condition is satisfied for a bi-vector θij + ǫρij.
B Details of curvature on Ka¨hler manifold
We show detail calculations for the formula of the Ricci curvature from the gauge theory on the
homogeneous Ka¨hler manifold (4.22). Let Γ be the ordinary Levi-Civita connection. For any
connection Γc which has torsion in general, we can write
Γkij = Γc
k
ij + T
k
ij , (B.1)
where T is a contorsion tensor of the connection Γc. For this connection, we get
Rklij =Rc
k
lij
+ ∂IT
j
jl − ∂jT kil + Tmjl T kim − Tmil T kjm
+ Γc
m
jlT
k
im − Γcmil T kjk + ΓckimTmjl − ΓckjmTmil
=Rc
k
lij
+∇(c)iT kjl −∇(c)jT kil
+ Tmjl T
k
im − Tmil T kjm + (Tmij − Tmji )T kml, (B.2)
where Rc
k
lij is the Riemann curvature for the connection Γc and ∇(c) is a covariant derivative
with respect to the connection Γc.
Let us consider Γc as the Hermitian connection. In this case, the nontrivial components of
the connection are given by
Γc
µ
νρ = g
σ¯µ∂νgρσ¯, (B.3)
where µ, ν, ... and µ¯, ν¯, ... denote indices of complex coordinates. In this case, the components
of the contorsion tensor are
T µνρ =
1
2
gσ¯µ(∂ρgνσ¯ − ∂νgρσ¯), (B.4)
T µνρ¯ =
1
2
gσ¯µ(∂ρ¯gνσ¯ − ∂σ¯gνρ¯), (B.5)
T µν¯ρ =
1
2
gσ¯µ(∂ν¯gρσ¯ − ∂σ¯gρν¯), (B.6)
T µν¯ρ¯ =0. (B.7)
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For the Hermite connection, the nontrivial components of the Riemann curvature are
Rc
µ
νρ¯σ = −Rcµνσρ¯ = ∂ρ¯(gκ¯µ∂σgνκ¯). (B.8)
So far we consider the general connection. Here, we compute the ~ correction of the Riemann
curvature of the Levi-Civita connection for the Hermitian metric
g′µν¯ =gµν¯ + hµν¯ = gµν¯ −
i~
2
Fµν¯ , (B.9)
where we assume that the background metric gµν¯ is a Ka¨hler metric. In this case, the contorsion
tensor for the background metric vanishes, we get
Γµνρ = Γc
µ
νρ = g
σ¯µ∂νgρσ¯ . (B.10)
For the metric g′ we get
T ′µνρ =−
i~
4
gσ¯µ∇σ¯Fνρ, (B.11)
T ′µνρ¯ =−
i~
4
gσ¯µ∇νFρ¯σ¯, (B.12)
T ′µν¯ρ =−
i~
4
gσ¯µ∇ρFν¯σ¯, (B.13)
T ′µν¯ρ¯ =0. (B.14)
where the covariant derivative is given by the background connection. The nontrivial components
of the Riemann curvature of the Hermite connection of g′ are
R′c
µ
νρ¯σ = −R′cµνσρ¯ = ∂ρ¯(g′κ¯µ∂σg′νκ¯) = Rµνρ¯σ +∇ρ¯(gκ¯µ∇σhνκ¯). (B.15)
Since T ′ is order ~, the total Riemann curvature can be approximated by
R′klij =R
′
c
k
lij +∇lT ′kjl −∇jT ′kil . (B.16)
Using (B.11) to (B.14) and (B.15), we obtain
R′µνρ¯σ =R
µ
νρ¯σ −
i~
2
∇ρ¯(gκ¯µ∇σFνκ¯)− i~
4
∇ρ¯(gκ¯µ∇κ¯Fρν) + i~
4
∇σ(gκ¯µ∇νFρ¯κ¯), (B.17)
R′µνρσ =−
i~
4
∇ρ(gκ¯µ∇κ¯Fσν) + i~
4
∇σ(gκ¯µ∇κ¯Fρν), (B.18)
R′µνρ¯σ¯ =−
i~
4
∇ρ¯(gκ¯µ∇νFσ¯κ¯) + i~
4
∇σ¯(gκ¯µ∇νFρ¯κ¯), (B.19)
R′µν¯ρσ =0, (B.20)
R′µν¯ρ¯σ =−
i~
4
∇ρ¯(gκ¯µ∇σFν¯κ¯), (B.21)
R′µν¯ρ¯σ =0. (B.22)
The Ricci tensor turns out to be
R′µν¯ =R
′ρ
µρν¯ +R
′ρ¯
µρ¯ν¯
=Rµν¯ +
i~
2
∇ν¯(gρ¯σ∇σFµρ¯) + i~
4
∇ν¯(gρ¯σ∇ρ¯Fσµ)− i~
4
∇σ(gρ¯σ∇µFν¯ρ¯). (B.23)
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C Poisson geometry and noncommutative emergent gravity
In the section 3.1, we reviewed the effective metric obtained from the noncommutative gauge
theory [30,31]. The emergent gravity is also discussed in the context of the matrix model [32,33].
We discuss here the effective metric of a scalar field on generic n-dimensional spacetime from
the matrix model along with an argument by [55]. Then, we consider relation between this
argument and the contravariant geometry.
Let us consider a simple matrix model action with a scalar field Φ:
−tr[Xa,Xb][Xa,Xb]− tr[Xa,Φ][Xa,Φ], (C.1)
where the indices are contracted by a flat metric. We interpret the matrix Xa as an embedding
function xa:
Xa ∼ xa. (C.2)
When we formulate the theory using the deformation quantization, the matrix commutator is
represented by the commutator of the star product [f, g]∗ = f ∗ g− g ∗ f . In a semi-classical ap-
proximation, the star product commutator reduces to the Poisson bracket [f, g]PB = iπ
ij∂if∂jg.
And thus, in the semi-classical approximation, the commutator of matrices is given by
[Xa,Xb] ∼ [xa, xb]PB = iπij(x)∂ixa∂jxb, (C.3)
where πij is a Poisson tensor and also
[Xa,Φ]PB ∼ iπij∂ixa∂jΦ. (C.4)
In this semi-classical approximation, the action turns out to be∫
dnx
√
detω(πijπklgikgjl + gijπ
ikπjl∂kΦ(x)∂lΦ(x)), (C.5)
where gij is an induced metric given by the embedding function and ω is the inverse of the
Poisson tensor. From this action, the effective metric of the scalar field is
G˜ij = e−σπikπjlgkl, (C.6)
where
(eσ)
n−2
2 =
√
det g detπ. (C.7)
The equation of motion of the Poisson tensor is
∇˜k(eσG˜kiG˜ljωij) + ∇˜j(e−σηπjl) = 0, (C.8)
where ∇˜ is a covariant derivative of the Levi-Civita connection of the effective metric and
η = 14e
σG˜ijgij . Here, in [55] the following ansatz is taken to solve the equation of motion:
G˜ij = gij . (C.9)
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For generic spacetime dimension, the equation of motion of the Poisson tensor becomes
e−σ = const., (C.10)
∇˜iωij = 0. (C.11)
There are more detail analysis [55] for the case in four-dimensional spacetime.
For the background which satisfies the equations (C.10) and (C.11), we can see that the
equation of motion of the scalar field can be written in terms of the contravariant Levi-Civita
connection on the contravariant geometry:
[Xi, [Xi,Φ]] = ∇¯i(dπΦ)i, (C.12)
where the indices are contracted by the embedding metric. Furthermore, the contravariant Ricci
curvature becomes
R¯ij = Rij, (C.13)
where Rij is ordinary Ricci tensor. The typical examples of such backgrounds are the Ka¨hler
manifolds which is discussed in the section 2.5. In the emergent gravity, the dimensional reduc-
tions to the four-dimensional spacetime and the self-duality of the symplectic form have also
been studied [32,33,55]. These arguments might give deeper understanding for the contravariant
gravity.
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